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ABSTRACT

Two closely related results are presented, one of them concerned with the
connection between topological and measure-theoretic properties of compact
spaces, the other being a non-separable analogue of a result of Pekczyniski’s
about Banach spaces containing L'. Let 7 be a regular cardinal satisfying the
hypothesis that «“ <t whenever x < 7. The following are proved: 1) A
compact space T carries a Radon measure which is homogeneous of type 7, if
and only if there exists a continuous surjection of T onto [0,1]". 2) A Banach
space X has a subspace isomorphic to I'(7) if and only if X ™ has a subspace
isomorphic to L'({0, 1}7). An example is given to show that a more recent result
of Rosenthal’s about Banach spaces containing [' does not have an obyious
transfinite analogue. A second example (answering a question of Rosenthal’s)
shows that there is a Banach space X which contains no copy of /'(w,), while the
unit ball of X* is not weakly* sequentially compact.

1. Preliminaries

Cardinal numbers «, 7 --- will be identified with the corresponding initial
ordinals (so that k = {e : « is an ordinal and a < «}). The cofinality cf(x) of « is
by definition the smallest cardinal A for which there exists a family (ks)g<. With
Ka < K, Supg kg = k. The cardinal k is regular if cf(x) = x. When the notation «*
is used, it will be cardinal (not ordinal) exponentiation that is intended. The first
infinite cardinal will of course be denoted by w, and the cardinal of a set A
by |A].

The Banach spaces considered will all be over the reals as scalar field. Thus
C(T) will denote the space of all continuous real-valued functions on the
compact (Hausdorff) space T, and the dual C(T)* will as usual be identified with
the space M(T) of all Radon measures on T. If ¢ : S — T is continuous, ¢° will
be the induced map C(T)— C(S), ¢°(g) = g°®, and I shall write ¢ for the
transpose (¢°)*. For a measure u € M(S), ¢y is the usual image measure
defined by

(¢1)(B) = p(¢™'B).
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When u is a measure, it will be convenient to distinguish the space £'(u)
(consisting of all u -integrable functions) from L'(x) (the quotient of £'(u) by
the null-functions). For f € #'(), I denote by f* the corresponding element of
L'(p).

If A is any set, I'(A) is the Banach space of all real valued functions x on A
for which || x |l = Z.ca | x(a)] is finite. I shall write D for the two-point set {0, 1}
and A4 for the usual product measure on the product space D*. The index set A
will very often be a cardinal. According to the Maharam decomposition
theorem, any finite measure p can be expressed as a sum

p=27
j=1
where the v; are disjoint, and each »; is homogeneous. For a full exposition of
this theory, see, for instance, §26.4 of [7]; suffice it to note here that when « is an
infinite cardinal a measure v is homogeneous (of type «) if and only if L'(v) is
isometric to L'(A.).

If T is a compact space, then by 19.7.6 of [9] T carries an atomless measure if
and only if T has a nonempty perfect subset, or, equivalently, if and only if there
exists a continuous surjection T— [0,1]. One of the aims of this paper is to
obtain more information about the types of the measures carried by T in terms
of the existence of continuous surjections from T onto products [0,1]*. Since
every atomless measure on a compact metric space is of type o, it is with
non-metrizable spaces that we shall be concerned.

The other aim is to give a non-separable analogue of the theorem of
Pelczyfiski that a dual Banach space X* has a subspace isomorphic (that is,
linearly homeomorphic) to L'[0, 1] if and only if X has a subspace isomorphic to
I'. The obvious nonseparable spaces to look at in this connection are L'(A,) and
I'(r), where 7 is an uncountable cardinal.

The notion of an independent family of pairs of sets, introduced by Rosenthal
in his work on Banach spaces which contain !' (8], turns out to be critically
important in both the contexts considered here. A family (A2, A L).c. of pairs of
sets will be called independent if

() for each a AYNAL=(,
(i) for every finite subset M of o and every map ¢ : M — {0, 1}

N AX#D.

a€EM

The importance of such families here depends on the following two lemmas.
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1.1 LemMa. For a compact space T, and an infinite cardinal 7, the following
are equivalent:

(a) there is an independent family (A, A Lae. consisting of closed subsets of T ;

(b) there is a closed subset S of T and a continuous surjection ¢ : S —{0,1}";

(c) there is a continuous surjection ¢ : T —[0,1]".

1.2 LemMA. Let S be a set and (x,).c. be a uniformly bounded family of
real-valued functions on S. If, for some real r, 5 with 8 >0, the sets

Ab={sES:x.(s)=r+ 5},
AL={s€S x.(s)=r}

form an independent family, then (X.).c. is equivalent to the usual (transfinite)
basis of I'(o).

Proor. This is proposition 4 of [7].

The technique for finding independent families will depend on a combinatorial
principle of Erdos and Rado (and it is here that the restriction on the cardinal =
comes in). Recall that a family of sets (E, ).e. is said to be quasidisjoint (or to be
a A-system) if E, N E, = MN,c.E, whenever a, B € o and a# B.

1.3 LemMA. Let 7 be a regular cardinal with the property that k® < T whenever
k <1, and let (E,)ac. be a family of countable sets. Then there is a subset o of T
with | o | = 7, such that (E.)ac. is quasidisjoint.

Proor. See theorem I of [1] or the appendix of [5].

The smallest cardinal 7 for which the hypotheses of 1.3 are satisfied is the
successor of the continuum 7 = (2*)". Subject to the generalized continuum
hypothesis, they are satisfied for a successor cardinal 7 = «™ if and only if
cf (k) > . The idea of using a combinatorial result like 1.3 in the present context
was suggested by Hagler’s work on dyadic spaces.

I should like to thank Professor Hagler for making available preprints of his
papers [2] and [3]. My thanks are also due to the referee for some valuable
suggestions, especially for the easy proof of 2.1.

2. The main results

First let us notice that in each of the theorems to be proved the implication in
one direction is valid without special assumptions on cardinality. The arguments
used in the next two propositions should be familiar.
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2.1 ProrosiTion. Let R, T be compact spaces and ¢ : T — R be a continuous
surjection. For each A € M.(R) there is a v € M. (T) with gv = A and such that
L'(v) is isometric to L'()).

Proor. Let A denote {u € M.(T):¢u =A}. Then A is a nonempty,
weakly* compact, convex subset of M(T). The map ¢°: L'(v)— L'(A) is an
isometric embedding for any v € A. We shall show that it is surjective provided
v is an extreme point of A. Suppose then that ¢°L'(A)# L'(v); there exists a
nonzero element g of ball L'(v) with [(¢°f).gdv =0forall f € L'(A). It follows
from this equality that ¢((1+g).»)=¢((1—g).v)=A. Also, since |[g|=1,
both of (1 = g). v are nonnegative measures, and are hence in A. The expression
v=3[1+g).v+(1—g).v] tells us that » is not extreme in A.

2.2 ProrosITION. Let X be a Banach space which has a subspace isomorphic
to I'(1). Then X* has a subspace isomorphic to L'(A,).

Proor. Since the density character of L'(A,) is 7, there is an embedding
E:L'A)—=I"(r)=1'(z)*. If J:1l'(r)— X is an embedding, lemma 2 of [4]
allows us to “lift” E to an embedding F:L'(A.)—> X* with J*F = E.

We come now to the main technical result. When B is a subset of A let us
agree to write s for the projection map D* — D%

2.3 ProrosiTiON. Let 7 be a regular cardinal with the property that k“ <~
whenever k < 1, let A be a set, and let (f.).<, be a family of elements of L*(A4)
with

lfl=1, If.—falize>0  (a¥B).

Then there exist a subset o of T with | o | = 7, and real numbers r,  with 8 >0, such
that the sets

Al={z:f.(z)=r+ 8},
AL={z:f.(z)=r}

form an independent family, in the strong sense that

v aw)#o

a€EM
whenever M is a finite subset of o, and ¢ € D™.

Proof. There exist countable subsets E(a) (a € 7) of A such that f, =
(8= ° Te@)’, for suitable g, € £'(Aew)). Applying the result of Erdés and Rado,
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quoted here as 1.3, we get a quasidisjoint subfamily (E(a))aes, With | o, | = 7. Let
the common intersection of this subfamily be E, and denote by & the conditional
expectation projection from L'(Aa) onto L'(Ag).

Since cf(7) = 7 >2“ = | L'(Az)|, there is a subset o, of a4, with | 0| = 7, such
that €f. is the same element h” of L'(A¢) for all @ € o,. We can also assume that

Ifi~(home)liZe/2 forall a€ o

It follows that for each a € o, there is a non-null compact subset K, of D® such
that

[18.00.2) = h(@)] dhsrew)z 2
for all z € K.
Since g,(.,2)E £'(Aewye) and

[ 8002 cewne ) = 1 2)

for almost all z € D, we can assume that K, is chosen so that this equality holds
for all z € K..

It follows that the following subsets of D" are non-null for all z € K, :
SUz)={w:g.(w,z)=h(z)+ e/},
S 2)={w:g.(w,z)=h(z)— ¢/4}.

Using the fact that there are only 2* compact subsets of D¥, we can now take a
subset o of o, with || = 7, such that K, is the same subset K of D® for all
a € o. Finally, let the real number r be chosen so that

h(z)—eld=r=h(z)

for all z in some non-null subset L of K.
We now have, by Fubini’s theorem, that when M is a finite subset of o and
£ €DY,

a€EM

A,( N Az‘“’)z f Ll;[MAE(a)\E(s:@(z))] dre(2).

Since the integrand is everywhere nonzero on the non-null set L, this integral is
nonzero, as required.

2.4 TueoreM. Let 1 be a regular cardinal with the property that k* <7
whenever k < 1, and let T be a compact space. Then T carries a measure which is

homogeneous of type 7 if and only if there exists a continuous surjection from T
onto [0,1]".
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Proor. By virtue of 1.1 and 2.1, it will be enough to prove, under the
assumption that T carries a homogeneous measure p of type 7, that T contains
an independent system (A%, Al).c. Of closed sets, with [o|=T.

Let ®:L'(u)— L'(A.) be an isometry (which we can assume to be positive,
and isometric also from L”(u) to L7(A,)). Denote by e, the function e.(z)=
1-2z. (zED"). Then |le.|l.=1 and ||e. —¢; i =1 (a# B).

For each a there is a function g, in C(T) with [ g.|.=1 and

| Pg. —ealli=1/4.

So the elements f, = ®g, of L~(A,) satisfy the hypotheses of 2.3.
If we obtain o, r, 8 as before and put

Bi={t€T:g.(t)=r+ 8}, Bi={teT:g.(t)sr} (ax € 0),

the sets B>, B! are closed in T and
,u(m BZ“”>=A,(D AZ‘“)>>0,
aEM a€EM

whenever M is a finite subset of o, and ¢ € D™.

2.5 Remarks. Consider the following properties of a compact space T and
an infinite cardinal 7:
(i) there is a continuous surjection from T onto [0, 1]7;
(ii) C(T) has a subspace isometric to I'(r);
(iii) C(T) has a subspace isomorphic to I'(7);
(iv) C(T)* has a subspace isomorphic to L'(A,);
(v) C(T)* has a subspace isometric to L'(A,);
(vi) T carries a homogeneous measure of type at least 7;
(vii) T carries a homogeneous measure of type exactly 7.
The following implications, and to the best of my knowledge no others, are
known to hold without restrictions on the cardinal r:

() & (ii) = (i) D (iv) © (v) & (vi) > (vii).

(For the implication (iv) = (vi) one uses the Maharam theorem, and an
argument (due to Lindenstrauss) to be found on page 221 of [7].) All seven
properties are equivalent if 7 has the property of 1.3, since the proof of Theorem
2.4 does in fact show that (vi) implies (i).

2.6 THEOREM. Let 7 be a regular cardinal with the property that «* <t
whenever k < 7, and let X be a Banach space. Then X has a subspace isomorphic
to I'(7) if and only if X* has a subspace isomorphic to L'(A,).
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Proor. The implication in one direction is 2.2. So let us suppose that
E : L'(A,)— X is an isomorphic embedding. If we write T for the compact space
ball X*, under the weak* topology, and I for the natural embedding X — C(T),
we can, using lemma 2 of [4] again, “lift” E to an embedding
F:L'(A,)— C(T)*, with I*F=E. So, by (iv)& (vi) of 2.5, T carries a
homogeneous measure u of type at least 7.

By the Stone-Weierstrass theorem, the closed sublattice of C(T) generated by
IX is exactly

C(T) ={f € C(T): f(0)=0}.
If J,: C(T)— L'(w) is the natural mapping,
J,C(T) isdensein L'(u).

Thus the sublattice generated by J;IX is dense in L'(x), and so the density
character of J,IX (in L'(w)) is at least 7. Using the fact that cf(7) =7 > o, we
conclude that there is a family (x,).e- in ball X such that

l']]Ixa_Jlle ”;E>0 (a;é ﬁ)

Using Proposition 2.3, we know there exist a subset o of = with|o|= 7 and a
real number r such that the sets

Bl={t €T ({x)=r+e/4),
B.={( €T (&x) =}

form an independent family (B, B.).e.. By Proposition 1.2, the family (x.)aco
is equivalent to the usual basis of I'(c).

Remark. As far as [ am aware, it is another open question whether the
conclusion of 2.6 is valid without the restrictions on the cardinal 7.

3. Two examples

Rosenthal showed in [8] that an infinite bounded subset of a Banach space
contains either a weak Cauchy sequence or a sequence which is equivalent to the
usual basis of I'. It would be desirable to have a criterion of a similar kind which
would enable us, under suitable conditions, to obtain embeddings of I'(7) spaces.
The first example exhibited in this section will show that we should not hope for
too much in this direction.

3.1 TueoReM. There exist a Banach space X and an uncountable subset F of
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X such that F contains no weak Cauchy sequence, while X* has no subspace
isomorphic to L'(A.,) (so that X certainly does not have a subspace isomorphic to

I'(w1)).

Hagler has recently shown this to be true, using an example of “James’ tree”’
type [3]. The author hopes there may still be some interest in the following
construction, which shows that X may be chosen to be C(S) for a suitable
compact and totally disconnected space S. The set F will consist of the indicator
functions of a family (U. ).c., of open and closed subsets of S. We shall have to
prove that there is no infinite sequence (a(n)) such that 1, converges

pointwise on S, and that S does not carry a measure of uncountable type.

3.2 ConsTrUCTION. Let us fix an injection a ~ f, of the set w, into R. Let S
be the subset of D1 consisting of all x = (x,) such that forno , 8, y < w, do we
have

a<pB<y,
>t <t,
X. =0, %=1, x,=0.

Define U, = {x € S : x, = 1} (so that 1, is the coordinate function f, (x) = Xa).

3.3 LemMA. If (a(n)) is a strictly increasing sequence of ordinals in w, and the
sequence (t.) is monotonic in R, then the sequence of functions (f.n) is
independent (equivalently, the sequence (U..), S\U.) is independent).

Proor. Given a sequence £ = (¢(n)) in D*, we shall show that there exists
x € S with

Xaemy= €(n) (n € w).

Assume first that (f..) is increasing. We define x,, = £(n) (n € w);

X. = 1, if @ <ea(0), or, for some n, a(n)<a<a(n+1)and t,m<t;

x. =0, if a Zsup,,a(m) or, for some n, a(n)<a <a(n+1)and t,m > ta.
We find that xis in S since, in fact, t, < 1, whenevera < 8, x, =0and x, = 1.
If (t.(n)) is decreasing, we define

Xamy = £(N);

X, =0, if @ <a(0), or, for some n, a(n)<a(n+1) and t, <t.wm1y

x. = 1, if @ Zsup.a(m), or, for a(n)<a <a(n+1) and t. >ty

3.4 PropPOSITION. The subset F={f,:a <w} of C(S) contains no weak
Cauchy sequence.
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Proor. Given any infinite subset M of w, we can find a strictly increasing
sequence (a(n)) in M such that (f,)) is monotonic. Thus every sequence in F
has an independent subsequence, and F has no weak Cauchy sequence.

To show that there is no measure on S of uncountable type, we employ two
further lemmas.

3.5 LemMMmA. Let Y be a compact metric space, and Z be a compact, totally
ordered space. Then every atomless measure on 'Y X Z is of type w.

Proor. Let u be an afomless probability measure on Y X Z and let v be the
marginal probability on Z, v(B)= u(Y X B). We need only consider the case
where v is also atomless. For each rational q in (0, 1), choose z, € Z such that

v{zeZ:z<z,D=q

If (B,) is a countable base for the topology of Y, define, for each triple
(n,q,r) with n€w, qreQnN(0,1) and q <r, the rectangle R(n,q,r)=
B.Xx{z € Z:2z,<z <z} Then the set of indicator functions 1g.,, is total in
L'(u), and this space is thus separable.

Our last lemma enables us to decribe the subsets of our space S which are
supports of measures. Recall that a space T has the countable chain condition
(CCCQ) if every disjoint collection of nonempty open subsets of T is countable.
The support of a measure necessarily has the CCC.

3.5 Lemma. Let T be a subset of S, and suppose that T has the CCC. Then T is
homeomorphic to a subset of Y X Z for a suitable compact metric Y and compact,
totally ordered Z.

Proor. 1 assert that there is an ordinal 9 < w, such that, for o, 8 = J and
x€eT,

. =0, xg=1 imply ¢, <t

Suppose the contrary; we construct open sets V; (£ < w,) as foilows.

Take J(0)=0. If 7(£)< w, has been defined, choose o, 3 > T () and x €T
such that x, =0, x; =1, and ¢, > t,.

Put V,={y€T:y,=0,ys =1} and let I, be the interval (&,t,) in R. To
complete the inductive definition, we must choose J(£+1) with o, B8 <
J(¢+1)<w, and put T(n)=sup{T(£): £ <n} when 7 is a limit ordinal.

It is straightforward to check, from the above construction and the definition
of S, that V, NV, = whenever I, NI, # . Now there is an uncountable
subset o C w; and a rational g such that all the open intervals I, (¢ € o) contain
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q. So{V, : £ € o} is an uncountable disjoint collection of nonempty open subsets
of T, contradicting the CCC.

We now take J to have the property stated above and define Y =D?,
Z ={z €D :1, <t whenever z, =0, z, = 1}. Then T is homeomorphic to a
subset of Y X Z, and Y is certainly metrizable (since J is countable). Moreover,
Z can be identified with the set of all increasing {0, 1}-valued functions on the
subset {t. : 7 = a < w} of R, and it is, therefore, totally ordered.

The proof that the space S has the stated properties is now complete. The
second example uses a construction explained to me by D. H. Fremlin. It is again
concerned with a conjecture about the existence of !'(w) subspaces. Rosenthal
has asked: “If there is a bounded sequence in X* with no weakly* convergent
subsequence, need X have a subspace which is (a) isomorphic to I'; (b)
isomorphic to '(w,)?”

I shall show that the answer to question (b) is in the negative, and the
counterexample will once more be a space of the type C(§). As far as | am
aware, question (a) is still unanswered, but it is rather easy to see that the answer
is “yes” in the special case of C(S)-spaces.

3.7 THEOREM. There is a compact space T which is not sequentially compact,
but which carries no measure of uncountable type.

Proor. Let & be a family of subsets of N, maximal with respect to the
condition that for R, R’€ & at least one of the sets R\R', R\R, RN R’ is
finite. (That is to say, of R and R’, either one ‘““almost contains” the other, or the
two are ‘“‘almost disjoint”.) Evidently & contains all the finite subsets of N. We
take T to be the compactification of N determined by %. We may view T either
as the quotient space of BN by the appropriate equivalence relation, or as the
closure of ®N in {0, 1}* where ® :N— {0,1}* is the injection given by ®(n)=
(1r(n))rea Either way, we can identify N with a dense open subset of T. For
R € R, the closure R of R in T'is open and closed in T, and the sets of this form,
together with their complements, make up a subbase for the topology of T.

3.8 LEMMA. No subsequence of N converges-in T.

Proor. It is enough to show that for any infinite subset M of N there is a set
R € R with M N R and M\R both infinite. We first choose a subset N of M
such that N and M\N are both infinite. If N € R, we are finished; if not, the
maximality of & tells us that there exists R € & such that NN R and N\R are
both infinite.

We now suppose, if possible, that u is a homogeneous measure on T, of



Vol. 28, 1977 BANACH SPACES 323

uncountable type. Let S be the support of u (so that § has the CCC) and let &
be the set of all non-empty intersections S N R with R € &. If A, A’ € &, then
either ACA' or A'/CA or ANA'={. Moreover, if A, A’ER and
A\A'# & then w(A\A")#0 (since S =suppu, and A\A' is open in S).

3.9 LemmAa. Let @ be a maximal disjoint subset of &. Then the set D* =
{Ae€e%:A DD for some D € D} is countable.

Proor. 1 assert first that a set A € @* is uniquely determined by P4 =
{D& % :D C A} For suppose the sets A, A'€ @* satisfy Dx = Da, A'C A.
Put X=A\A'and T ={B&€¥:A'CBC A} It follows from maximality of
the set @ that if C€ ¥ and C N X is a proper nonempty subset of X then
C € 7. (For, if not, that is to say, if C does not contain A, wehave CNA'=J
and C C A, which together imply that C N D = (J for all D € 9.) Thus the sets
B\A', A\B (B € 7) form a subbase for the topology of X, and this topology is
induced by a total order (x =y if x € B whenever y € B € 7). It follows that X
must be null for any homogeneous measure of uncountable type. As we
remarked earlier, u(A\A’) =0 implies A\A'= .

It is now enough to prove that there are only countably many subsets of & of
the form %4. This is easy when we note, firstly, that & is countable (by the CCC)
and, secondly, that for a pair DaDa, either Da C Da,, or Do C Da or
DaNDp =D

We can now complete the proof of 3.7. For each n, let 9, be a maximal
disjoint subset of ¥, with the property that (D)= 1/n for all D € 9,. (It is not
hard to see that such &, exist.) If A € ¥ and A 9% then A C D for some
D €%, so that u(A)=1/n. Since u(A)>0 for all A € ¥, we have ¥=
U7_,9*, and thus see that & is countable. It follows from this that S is
metrizable and that S cannot, therefore, carry a measure of uncountable type.
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